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Abstract

In this study, the static deformation of a fault system under constant stress drop is determined through
the zero frequency approximation from a corresponding dynamic crack problem. The corresponding
dynamic crack problem is formulated and solved by hypersingular boundary integral equation method
(HBIEM). The rdative displacement of the crack surface as well as the dynamic stress intensity factor
of the crack tips can be calculated. Some numerical results are presented and checked by other
available results, we also address some paossible implication in geophysics and earthquake engineering.

INTRODUCTION

Detail understanding of the surface and internal deformations induced by a stress drop slip zone during
an earthquake is valuable for geophysics and earthquake engineering. Actually, there are two
approaches, namely, the stress drop method and the more common dislocation approach to obtain the
surface deformation of a fault system. The dislocation approach models slip zones by approximation
them as surfaces of prescribed displacement discontinuity. As pointed out by Wu et al (1991), a
disadvantage of the dislocation approach is that it is purdy kinematic: it relates surface deformation to
dip at depth but does not directly yield information about the stresses that produced the slip. More
specifically, when the distribution of dlip is approximated by constant sip elements, the average stress
change is unbounded, although it has an advantage due to its simplicity; therefore, in this study we
adopt the stress drop method to obtain the surface deformation of a fault system.

To describe the general procedure briefly, firstly, the Green's function method is adopted in
formulating the desired traction boundary integral equation. Then, the traction BIE can be solved
through the discretization of the crack surface in which a special interpolation function is employed to
satisfy the edge condition of the crack tips, and the boundary condition is satisfied by using the
method of point collocation. A regularization technique is proposed to regularize the traction BIE.
Based on the spectral integral form of the kernel function, the unbounded term can be isolated and
extracted from the hypersingular kernd function by using the method of subtracted and added back in
gpectral domain, and hence, the required finite part can be obtained. Accordingly, the reative
displacement of the crack surface as well as the dynamic stress intensity factor (DSIF) of the crack tips
can be calculated, and they are essential in the evaluation of energy release rate and seismic moment
during an earthquake. Some numerical results for the scattering problem of a crack subjected to plane
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SH-waves, either in infinite or half-space, are implemented and the validity of the proposed method
can be checked and verified by making against with other available results. Some possible
implications in geophysics and earthquake engineering are also addressed.

PROBLEM DESCRIPTION

A stress-free crack of width 2a is embedded in a semi-infinite elastic medium. As shown in Fig. 1,
two different right-handed Cartesian co-ordinate systems (X,Y,z) and (X, Yy ,h) with unit vectors

(e.e,.e,) and (e e 6, ), respectively. The crack S makes an angle d with the stress-free
boundary of the half-space. The relation between the two co-ordinate systems can be written as

x=xcosd +hsind, z=d-xsind +hcosd (D)

where d(d >a) denotes the depth of the center of the crack from the boundary.

The material of the half-space is assumed to be isotropic, linear, homogeneous and perfectly elastic
with Lamé constants | , m and mass density r . In this configuration, time-harmonic SH-waves are

present and the complex time-factor exp(iwt) omitted, the governing equation of elastic motionis
s, /Tx + Ts , /fz+rw?u,=0; (x,21V 2)

where s, and s,, are components of the stress tensor, u, denotes the y-component of the
particle displacement. The stress is related to the displacement by the constitutive relation,

S =miu,/x, s ,=mfu,/1z 3
Elimination of the stress from equations (2) and (3) leadsto
Tou, /1 + TPu, /12 +kiu, =0 4)

where k, denotes the shear-wave number (k,=w/C, with C,=,/m/r the shear-wave velocity).
Thetotal field in the configuration is written as

t —,,f s t f s t f s
u,=u, +u;, s, =S, +s_, S, =S, +S )

in which u; represents the free field, i.e. a given field in the absence of the crack, which uj

represented the scattered field. Both the total field as well as the free field has to satisfy Eqg. (4). In
addition to the differential equations, the field has to satisfy the stress-free boundary condition on the
ground as well as the crack surfaces; however, on the crack surface the particle displacement jumps by
afiniteamount. Let

[U5 ()] = (UL, - (U, (6)

in which (uty);q denotes the total displacement at the point Q (with position vector x,) lie on the
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positive side of the crack which distinguished by a unit normal vector n* pointed into the medium as
shownin Fig. 1, and

n* =sinde, +cosde, )

The quantity [ u, (x,) ] can be regarded as the fundamental unknown. Moreover, thefield has to satisfy
the edge condition at the tips of the crack. Thisleads to (Karal and Karp, 1964)

[u]=0@E"?), @& e®0 (8)

inwhich e denotes the distance from some point in the half-spaceto a crack tip. Asafinal condition,
onerequiresthat u; satisfies the radiation condition.

INTEGRAL EQUATION FOR THE JUMP IN THE PARTICLE DISPLACEMENT ACROSS
THE CRACK

An integral representation for u> can be derived by using the Betti-Rayleigh theorem (Kupradze,

1963). In this reciprocity relation two different elastodynamic states are employed. One of these states
is taken to be Green’s elastodynamic state, which is a solution of

2 G 2,,G
Tu +1Tuy

w% 17

2,,.G 1 —
+K2uS +r—nd(x- X,)=0 ©)

with B.C. s |,.,=0. Where d denotes the two-dimensional Dirac function and x,=(x,,z,

denotes the position vector of a point P. By employing the scattered field as the other dastodynamic
state in the Betti-Rayleigh theorem, once arrives at the integral representation

us(x,) = O [uy (X )I{s 5 (XX, )e, +s i (X4: X, )e} ndS (10)

in which the components s fy and s fy of the Green's tensor are consisted of free space part as well
asthe reflective homogeneous part and given by

1% m Ky a2k ik x) 1Y - TK ntz z,)- k(- %)
S o (%123 %, 2,) = d?n o " ik pdk+—(‘)(—¢)e 2+ 20)- K0 %) e
1 v ( ) ) 17%,-1 a
. _ <" SONZ, - Z)| ngg- 2k ik(x- %) <~ L ndztz)-ik(x-x,)
SS(X,,Z2:X,2) =— f————L)g " T gk + — (—)e "R gk
yz Xq Zq p’Tp 2p_g 2 2 _gz

where n¢=/k’- k?, Ren® 0, one now substitutes expression Eq. (10) in the constitutive relation

Eqg. (3) and subsequently lets P approach S. Then using expression Eqg. (5) and the traction free
condition on the crack surface, onefinally arrives at
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m .
-S 4 (X,,0) :zoa[uty(x,O)] L (.x,)dx, -afx £a (12)
where the kernel function 1, (x,x,,) isexpressed in spectral integral form as

LX) = T (X)) + 1 (XX ) (13)

in which

¥ . .
la(x,%,) = O(k?sin’d - n€ cos’d +iknGgn[(x - x,)sind]sin(2d)} / 2n & "* o EM =g (14)
-y

¥
|k2(X,Xp) - d(kZ _ kSZCOSZd)/mqe-ﬂ‘de-(X+Xp)SInd]'Ik(X—Xp)COdek (15)

-¥
In the derivation, we have made use of the following result

. _ raind T Ty
S (X,,2,)=nlsind x, +cosd ﬂzp] "
et iy TS 2y T8 TSy T804
-mguy(xq)]{ﬂ—xpsn d +ﬂTCOSZd +(11—xp+ﬂT)Smd cosd} dS

p p

In view of the right hand side of Eq. (13), the first terem 1,,(x,x,) represents the kernel function
resulting form the free space part of the Green’ s tensor. Therefore, we can show that

¥ .
La(6,%,) = Ta(x,x,) © ¢Y-n®2)e "™ dk (17)
-y

where |, (X X,) corresponds to the usual kernel function as the crack is in an infinite medium and

consequently results into a hypersingular kernel as the source point coincides with the field point in
which the integral over S exists in a sense of finite part. Whereas the second term 1, (x,x,) inthe

right hand side of the Eqg. (13) represents the kernel function resulting from the reflective
homogeneous part of the Green's tensor, thus, it exhibits no any singularity even when the source
point coincides with the field point.

METHOD OF SOLUTION

In order to solve the traction BIE (Eqg. (12)), we discretize the crack S into N elements with equal
length 2Dx,, and employ the central points x, (n=1~N) of each element as the collocation points,
therefore, the integral over crack surface (- a£x £ a) results into finite sum of N discrete element
integrals each has an integration interval x, - Dx, £x £x, +Dx,. In addition, in order to take into
account the edge condition at the crack tips (Eq. (8)), the distribution of the unknown boundary field
[uty (x) ] over an element is interpolated by a special shape function and normalized to the value at the

collocation point (i.e. the central point) which is taken to be the nodal unknown.
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[u, )] ="—— NEE [UI (x,)]

a-x

; X, - Dx, £x £x, + DX, (18)

n

In view of Eq. (18), the edge condition at the crack tips and the Holder C** continuous, which
ensures the existence of finite part at the collocation points, are fulfilled. Thus, the solution of the
problem is deduced to solve the N nodal unknowns | uty (X,) ], n=1~N. By setting, in turn, the point X,

in Eq. (12) chosen to be x,, (Mm=1~N), we obtain N algebraic equations just to solve the N nodal
unknowns [ uj (x,,)]

81 (% 0) = 8 [Ko 0 %) + L X )][U ()], " m=1~ N (19)

n=1

where the matrices elements are defined by

Xq +DX 2 2
m" J"4a -X *
Ko Xens X =3 O Wlkl()(’)(m)dx (20)
Xn'DXn - n
X +DX 2 2
m" ."ya -X
L (X X )_5 O WIKZ(X’Xm)dX (21)
X, - DX, -

When x ! x, (i.e off-diagonal element), the integration over x can be evaluated by Gaussian
quadrature and the wave number integral kernels |, or 1,, can be evaluated by modified steepest
descent integration method (Y eh, et al, 2000), thus, we can obtain the matrices elements (K, +L,,,)
without any difficulty. However, when x_=x. (i.e diagona element), theintegral 1, (x,x,) inEq.

(20) diverges and becomes a hypersingular kernel, care must be taken to perform the integration on
X . In this case, we propose a regularization technique (subtracted an added back in spectral domain)

to isolate the unbounded term and consequently extract the finite part from the hypersingular kernel
function, for the details, the readers may refer to the report (Teng and Chai, 2002). Once the nodal
unknowns are solved, the scattered surface displacement at point X, =(x,,0) can be obtained

according to Eqg. (10), and the stress intensity factors K; at crack tips are given by (Neerhoff and
van der Hijden, 1984)

K _ mva [uy (xy)] K- = mya [u; (x)]

VERIFICATION OF NUMERICAL INPREMENTATION

(22)

In order to verify the proposed method of solution, we consider a crack with length 2a in infinite
medium and subjected to an action of constant antiplane shear t, from which a rigorous exact

solution is available (Knopoff, 1958)
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j-tos Ix,Ea

t Z0 2 2 [
ul(x)=—2,a*-x*; |xlfa, X
L1 & m Ix! S (%) Tto(x Iyx2-a-1); |x,|>a

(23)

In order to make against with the above solution, we consider the special case (d/a® ¥, d =0)in
Fig. 1, to simulate a horizontal crack in infinite medium. In addition, we adopt a plane SH wave
normal incident to the crack and whose static limit as the excitation frequency tends to zero (i.e.
k. ® 0) corresponds to constant antiplane shear t,. Therefore, the corresponding free displacement

and stress fields are given by
uj(x,h)=AeY ;s (x,h)=mkAd" (24)

where A=mik /t ,. Wetake anormalized frequency k.a=0.0001 as zero frequency approximation,
Figs. 2a and 2b show respectively the numerical results of the distribution of [ uty (x)] aong the crack

surface and the scattered stress s § (x,,0) near the crack tips obtained from HBIEM and compared

with those obtained from the static exact solution (Eg. (23)). From the figure, one may observe that
both the zero frequency approximations as well as the validity of the proposed method are fulfilled
with high accuracy.

SURFACE DEFORMATION OF A SHALLOW VERTICAL CRACK SUBJECTED TO A
UNIFORM SHEAR STRESS DROP

In order to illustrate the whole proposed formulation, we consider a vertical crack (with length 2a and
d =p /2) buried in the half-space with its center located at a depth d (d>a) below the ground surface
and subjected to a horizontal standing plane SH wave whose static counterpart corresponds to a
horizontal constant antiplane shear loading t ,, the free field displacement and stress can be expressed

as
u' (,h)=Asin(kh) ; s!(xh)=mkA coskh) (25)

from which the ground surface condition is satisfied and the required amplitude A, =t ,/k,, hence,
at each collocation point x,, (-a£x,£a, h, =0), theprescribed freefield stressis s ;n x,,0)=t,.
We take a normalized frequency ka=0.0001 as an approximation of static state. By employing the
HBEM, we can calculate the redative dlip [u;(xn)] a each collocation point from which the

pseudo-static stress intensity factor K can be obtained under different d/a ratio, and the results are
shown in Figs. 3a and 3b, respectively. From Fig. 3b, we can observe that the pseudo-static stress
intensity factors K; which obtained form HBEM are in excellent agreement with those obtained by
static approach (Erdogan and Cook, 1974). Finally, employing the relative dlip at each collocation
points [uty(xn)], we can calculate the desired surface deformation u?(x,,0) as shown in Fig. 3c.
From Fig. 3, we can observe that the more profound of the results as the ratio d/a is more small, even

though, the crack length and the prescribed shear stress keep fixed, therefore, the influence of the
ground surface is significant for shallow fault system.
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CONCLUSIONS

In this paper, we propose a dynamic hypersingular boundary element method (HBEM) to solve the
surface deformation for constant stress drop slip zone (an antiplane crack) in eastic half-space in
which zero frequency approximation is adopted to obtain the static counterpart. The proposed method
(HBEM) is checked by comparing with other available data to show its validity of the method. The
versatility of the method makes it possible to solve a more complicated problem, whenever, the static
solution is difficult to obtain and the detail understanding of the surface deformation relative slip of
cracked surface, and stress intensity factor are valuable in geophysics and earthquake engineering, for
instance, if we know the relative dlip of cracked surface, then we can calculate the seismic moment
(Madariaga, 1979). Further, if we know about the stress intensity factor then the energy release rate
can be calculated (Erdorgan and Sih, 1963).

ACKNOWLEDGEMENTS

Theauthors gratefully acknowledge the financial support granted by National Science Council, R.O.C,
NSC91-2711-3-319-200-23.

REFERENCES

Erdogan, F., and G. C. Sih (1963), “On the Crack Extension in Plates Under Plane Loading and
Transverse Shear”, J. Basic Engng. Trans. ASME, 85, Series D, 519-527

Erdogan, F., and T. S. Cook (1974), “Antiplane Shear Crack Terminating at and Going Through a
Bimaterial Interface’, Int. J. of Fracture, 10, 227-240.

Karal, F. C. and S. N. Karp (1964), “Stress Behavior in the Neighborhood of Sharp Corners,”
Geophysics, 29, 265-315.

Knopoff, L. (1958), “Energy Release in Earthquakes’, Geophys. J. of the Royal Astronomical Soc., 1,
44-52.

Kupradze, V. D. (1963), Progressin Solid Mechanics, Volume I, (I. N Sneddon and R. Hill, editors).
Amsterdam: North-Holland Publishing Company.

Madariaga, R. (1979), “On the Relation Between Seismic Moment and Stress Drop in the Presence of
Stress and Strength Heterogeneity”, J. of Geophys. Research, 84, 2243-2250.

Neerhoff, F. L. and J. H. M. T. van der Hijden (1984), ‘Diffraction of Elastic Waves by a Sub-surface
Crack (Antiplane Mation), “ J. Sound. Vib., 93(4), 523-536

Teng, T. J. and J. F. Chai (2002), “Surface and Internal Deformation for Constant Stress Drop Slip
Zonesin an Elastic Half-space,” Report of NCREE —02-050 (in Chinese).

Wu, M., J. W. Rudnicki , C. H. Kuo , and L. M. Keer (1991), “Surface Deformation and Energy
Release Rates for Constant Stress Drop Slip Zones in an Elastic Half-Space’, J. Geophys.
Research, 96, 16509-16524.

Yeh, C. S, T. J. Teng, and W. |. Liao (2000), “On Evaluation of Lamb’s integrals for Waves in a
Two-dimensional Elastic Half-space,” Chinese J. of Mech., 16(2), 109-124.

PDF wurde mit pdfFactory-Prufversion erstellt. www.context-gmbh.de


http://www.context-gmbh.de

*P(xo) h

x=x cosd +h sind
z=d-xsind+hcosd 7

Fig. 1. Geomery of the crack S
semi-infinite elastic medium.
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Fig. 3: Numerical results of a vertical crack with
different d /a ratio subjected to a prescribed
uniform antiplane shear dress drop, (a)
displacement on vertical crack, (b) stress
intensity factor at crack tips and compared
with static solution, (c) scattered ground
displacement.
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